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Hamiltonian fluid dynamics and distributed chaos
A. Bershadskii
ICAR, P.O. Box 31155, Jerusalem 91000, Israel
It is shown that distributed chaos with spontaneously broken time translational symmetry (homo-
geneity) has a stretched exponential frequency spectrum E(f) ∝ exp−(f/f0)
1/2. Good agreement
has been established with a laboratory experimental data obtained at large values of Rayleigh num-
ber Ra ∼ 3 · 1014 in thermal convection. Applications to geophysical fluid dynamics (temperature
dynamics for large cities, the North Atlantic Oscillation index and the Pacific/North American
pattern) have been considered.
DISTRIBUTED CHAOS
Many dynamical systems with chaotic behaviour have
the exponential power spectra [1]-[4]
E(f) ∝ exp−(f/fc) (1)
where fc = const is some characteristic frequency.
The seminal Lorenz system is a good example:
dx
dt
= σ(y − x),
dy
dt
= rx − y − xz,
dz
dt
= xy − bz (2)
This is a very simplified model for Rayleigh-Benard
(thermal) convection in a layer of fluid, cooled from
above and heated from below. The parameters
b = 8/3, r = 28.0, σ = 10.0 provide a chaotic solution
[5]. Fig. 1 shows power spectrum of z-component (in the
semi-logarithmic scales). The spectrum was computed
using the maximum entropy method, which provides an
optimal resolution for comparatively short data sets [1].
The dashed straight line corresponds to Eq. (1).
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FIG. 1: Logarithm of power spectrum for z-component of
the Eq. (2) against frequency f . The dashed straight line
corresponds to Eq. (1).
0 0.5 1 1.5 2
-4
-2
0
2
4
6
8
f
1/2
  [s-1/2]
ln
 E
T
 (
f)
exp-(f/f
0
)1/2
Ra = 3·10
14
Pr = 300
FIG. 2: Power spectrum of temperature measured at the cell
center (the data taken from the Ref. [15]). The solid straight
line indicates the stretched exponential decay Eq. (6).
A weighted superposition of the exponentials Eq. (1):
E(f) ∝
∫
∞
0
P (fc) exp−(f/fc) dfc (3)
where P (fc) is a probability distribution of fc, can be
used for the more complex cases of distributed chaos.
By the Noether’s theorem the energy conservation law
is related to the time translational symmetry (invariance)
[6],[7]. When the time translational symmetry is sponta-
neously broken the action I can be used as an adiabatic
invariant [8]. Then for this case a relation between char-
acteristic velocity vc and the characteristic frequency fc
can be found using the dimensional considerations:
vc ∝ I
1/2f1/2c (4)
If the characteristic velocity is normally (Gaussian) dis-
tributed, then fc has the chi-squared (χ
2) distribution
P (fc) ∝ f
−1/2
c exp−(fc/4f0) (5)
where f0 is certain constant.
Substituting the distribution Eq. (5) into integral Eq.
(3) we obtain
E(f) ∝ exp−(f/f0)
1/2 (6)
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FIG. 3: As in Fig. 2 but in the log-log scales. The solid curve
indicates the stretched exponential decay Eq. (6).
About Hamiltonian approach to hydrodynamics see, for
instance, Refs. [9]-[12] and references therein.
THERMAL CONVECTION
The above discussed Lorenz system is a very simpli-
fied model for thermal convection (see also Ref. [13],[14]
for Hamiltonian low-order energy conserving models of
Rayleigh-Benard convection). Let us consider real (ex-
perimental) strong thermal convection. Figure 2 shows
power spectrum of temperature measured at an upright
cylinder cell’s center for the Prandtl number Pr = 300
and very large Rayleigh number Ra = 3 · 1014 [15]. The
solid straight line is drawn in the Fig. 2 in order to
indicate the stretched exponential spectrum Eq. (6) cor-
responding to the distributed chaos with spontaneously
broken translational symmetry. Similar spectrum was
observed for the first time in experiment reported in Ref.
[16]. In this situation the inertial (scaling) range was sup-
pressed completely by buoyancy [15]. Actually the Eq.
(6) covers the entire spectrum (rather wide range) as one
can see in figure 3 (in the log-log scales). It should be
noted that thermal convection at the high values of the
Rayleigh number is usually considered as strong turbu-
lence and chaos was previously taken into account at the
large scale thermal winds only [17],[18].
APPLICATIONS TO GEOPHYSICAL FLUID
DYNAMICS
The Lorenz system Eq. (2) was developed as a model
of atmospheric thermal convection [19]. On the other
hand, most of the important theoretical models in geo-
physical fluid dynamics are Hamiltonian [7],[14],[20],[21].
Therefore, one can expect that Eq. (6) can be applied to
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FIG. 4: Power spectrum of the daily average temperature
fluctuations for New York (1995-2017yy) [22].
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FIG. 5: Power spectrum of the daily average temperature
fluctuations for London (1995-2017yy) [22].
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FIG. 6: As in Fig. 5 but for Moscow.
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FIG. 7: Power spectrum for the daily NAO index 1950-2017yy
[23].
climate dynamics as well.
Temperature dynamics for New York, London and
Moscow
Figure 4 shows power spectrum of average daily tem-
perature fluctuations for New York City for period 1995-
2017 years (the data were taken from the site Ref. [22]).
The spectrum was computed by the maximum entropy
method, that gives an optimal resolution for compara-
tively short time series [1]. The solid straight line is
drawn in the Fig. 4 in order to indicate exponential spec-
trum Eq. (1) (Tc = 1/fc ≃ 8d).
Figure 5 shows power spectrum of average daily tem-
perature fluctuations for London for period 1995-2017
years (the data were taken from the site Ref. [22]). The
solid straight line is drawn in the Fig. 5 in order to indi-
cate stretched exponential spectrum Eq. (6) correspond-
ing to the distributed chaos with spontaneously broken
translational symmetry (T0 = 1/f0 ≃ 59d). Figure 6
shows power spectrum of average daily temperature fluc-
tuations for Moscow for period 1995-2017 years (the data
were taken from the site Ref. [22]). The solid straight
line is drawn in the Fig. 6 in order to indicate stretched
exponential spectrum Eq. (6) corresponding to the dis-
tributed chaos with spontaneously broken translational
symmetry (T0 = 1/f0 ≃ 81d).
Corresponding autocorrelation functions for London
and Moscow (the distributed chaos) have prominent ex-
ponential tails.
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FIG. 8: Power spectrum for the detrended daily NAO index
1950-2017yy [23].
North Atlantic Oscillation and the Pacific/North
American indexes
Figure 7 shows a spectrum computed using the daily
NAO index 1950-2017yy [23] (NAO - North Atlantic Os-
cillation, one of the most prominent and influential pat-
terns in the North Atlantic: see, for a comprehensive re-
view [24]). The solid straight line is drawn in the Fig.
7 in order to indicate the stretched exponential spec-
trum Eq. (6) corresponding to the distributed chaos with
spontaneously broken translational symmetry. Parame-
ter T0 = 1/f0 ≃ 235d in this case.
Let us now use the simplest possible Haar wavelet
regression for a detrending of the daily NAO index. In
order to kill or keep the wavelet coefficients we used
the VisuShrink soft thresholding function. Figure 8
shows a spectrum computed using the detrended daily
NAO index 1950-2017yy. The solid straight line is
drawn in the Fig. 8 in order to indicate the stretched
exponential spectrum Eq. (6) corresponding to the
distributed chaos with spontaneously broken transla-
tional symmetry (T0 = 1/f0 = 160d). It should be
noted that a deep detrending of the daily NAO index
(with symmlet regression of a high order) reveal a pure
exponential background spectrum. A spectral peak,
corresponding to period T ≃ 44d, is revealed by the
detrending (indicated by an arrow in the Fig. 8). The
deep detrending indicates a peak with T ≃ 40d. The
approximately 40-day oscillations are also known for
the Northern Hemisphere extratropics [26],[27]. Figure
9 shows a spectrum computed using the Haar wavelet
detrended daily PNA index 1950-2017yy (see for the
data set [28]). PNA - Pacific/North American pattern is
one of the most prominent and influential low-frequency
modes in the Northern Hemisphere extratropics. The
solid straight line is drawn in the Fig. 9 in order to
indicate the stretched exponential spectrum Eq. (6) cor-
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FIG. 9: As in Fig. 8 but for PNA.
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FIG. 10: The coherency for detrended NAO and PNA in-
dexes.
responding to the distributed chaos with spontaneously
broken translational symmetry (T0 = 1/f0 ≃ 146d). The
PAN spectrum is very similar to that shown for NAO
index in the Fig. 8.
Let us also compute the cross spectrum of the de-
trended NAO and PNA indexes. For two processes x1(t)
and x2(t) the cross spectrum E1,2(f) is defined as:
E1,2(f) =
∑
τ 〈x1(t)x2(t− τ)〉 exp(−i2pifτ)
2pi
√
E1(f)E2(f)
(7)
where the expectation value is defined by bracket 〈...〉.
One can use a decomposition into the coherency C1,2(f)
and the phase spectrum φ1,2(f):
E1,2(f) = C1,2(f)e
−iφ1,2(f) (8)
The coherency is ranging from C1,2(f) = 1, i.e. per-
fect linear relationship, to C1,2(f) = 0, i.e. no linear
relationship between x1(t) and x2(t) at a frequency f .
The coherency ≃ 0.5 is usually considered as a boundary
between high and low coherency. Figure 10 shows the co-
herency computed for detrended NAO and PNA indexes
using the Blackman-Tukey method (the maximum en-
tropy method can be applied for single time series only).
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